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In certain technical applications when a magnetic field with rotational 
symmetry has to be calculated, it is often a principal requirement that 
a given line should be a magnetic line of force (or more accurately, 
that a given surface of rotation should coincide with a surface of mag- 
netic force). 

An exact particular solution of the problem is found in the case when 
the given line of force is straight. This solution is subsequently gen- 
eralized to the case of an arbitrary smooth line, approximating it by 
a broken line. A method is also proposed for producing and calculating 
a magnetic field satisfying the above conditions. 

The solution of this problem may be used in questions of magneto- 
hydrodynamics and plasmadynamics as the first approximation for 
the magnetic field in the case of small magnetic Reynolds numbers, 
when it is required that a certain line of fluid flow should coincide 
with a magnetic line of force. 

w D E T E R M I N A T I O N  OF A M A G N E T I C  F I E L D  WITH 
R O T A T I O N A L  S Y M M E T R Y  F R O M  ITS V A L U E  AT 
THE AXIS [11 

In the  c a s e  when  t h e r e  a r e  no c u r r e n t s  in t he  m e d -  
ium,  o r  when  they  a r e  n e g l e c t e d ,  a s t a t i c  m a g n e t i c  
f i e l d  wi th  r o t a t i o n a l  s y m m e t r y  is  s p e c i f i e d  by the  f o l -  
l owing  f o r m u l a s  in a c y l i n d r i c a l  s y s t e m  of c o o r d i n a t e s  
z r  

H~ (z, r) = ~. (-~) H (~) 

Hr (z, r) ~ n! (n + t)! (1.2) 
n ~ l )  

w h e r e  Hz and H r a r e t h e  c o m p o n e n t v e c t o r s  of  t he  m a g -  
ne t i c  f i e l d  s t r e n g t h ,  H(z) i s  the  v a l u e  of the  f i e l d  at  
the  a x i s ,  H(n)(z) i s  the  n - t h  o r d e r  d e r i v a t i v e .  

It is  w e l l  known tha t  m a g n e t i c  f i e l d s  wi th  r o t a t i o n a l  
s y m m e t r y  a r e  o b t a i n e d  u s i n g  c i r c u l a r  c u r r e n t  c o n -  
d u c t o r s .  

F r o m  the  B i o t - S a v a r t  l aw the  m a g n e t i c  f i e l d  of  a 
c o i l  on the  a x i s  of  s y m m e t r y  is  

g~ 

H (z) = I(z --  ~)2 +//, l"/ ,  ( i .  3) 
zl 

H e r e  R is  the  r a d i u s  of  the  c o i l  o r  so l eno id ,  e x t e n d -  
ing f r o m  z l  to z2, D([)  is  the  a m p - t u r n  d e n s i t y .  H e r e  
D([) = In(~), w h e r e  I i s  t he  c u r r e n t  s t r e n g t h  and n(~) 
is  the  n u m b e r  of t u r n s  p e r  uni t  l eng th .  

If the  f i e l d  d i s t r i b u t i o n  H(z) is  g i v e n  on the  ax i s ,  

t hen  the  a m p - t u r n  d e n s i t y  D(~) n e c e s s a r y  to c r e a t e  
such  an ax ia l  f i e l d  m a y  be  found by s o l v i n g  the  i n t e g r a l  
e q u a t i o n  (1.3).  

A s s u m i n g  t h a t  t he  func t i on  D(z) is  d e t e r m i n e d  f o r  
a l l  v a l u e s  of -~r < z < + % the  i n t e g r a l  e q u a t i o n  (1.3) 

m a y  be  s o l v e d  by m e a n s  of  a F o u r i e r  t r a n s f o r m  w h e n  
we  s e t  z l  = -~o and z2 = o% T h e  s o l u t i o n  as  found by 

V. G l a z e r  has  t he  f o r m  [2] 

D (z) = 

= _ _ ~  +l '~ d~. f ~:~-~)~(~)en (1.4) 

w h e r e  H1 (1) (x) i s  a H a n k e l  f unc t i on  of the  f i r s t  k ind and 

of t he  f i r s t  o r d e r ,  i i s  the  s q u a r e  r o o t  of  m i n u s  one.  
T h e  d e f i n i t e  i n t e g r a l s  in Eq.  (1.4) m a y  b e  e v a l u a t e d  

on ly  in s o m e  p a r t i c u l a r  c a s e s .  U s u a l l y  i t  is  v e r y  d i f -  
f i c u l t  to e v a l u a t e  t h e m  e v e n  n u m e r i c a l l y .  It  is  m o s t  
p r o b a b l y  s i m p l e r  to d e t e r m i n e  the  func t ion  D(z) not  

f r o m  Eq.  (1.4) but  by i n t e g r a t i n g  an e q u a t i o n  (1.3) of 
t he  f i r s t  s o r t  n u m e r i c a l l y .  

w S O L U T I O N  O F  T H E  P R O B L E M  WHEN THE GIVEN 
N A G N E T I C  L I N E  O F  F O R C E  IS S T R A I G H T  

In c a l c u l a t i n g  a m a g n e t i c  f i e l d  wi th  r o t a t i o n a l  s y m -  
m e t r y  l e t  us  i m p o s e  the  r e q u i r e m e n t  tha t  a g i v e n  c u r v e  

r = r0(z) ( m o r e  p r e c i s e l y ,  s u r f a c e  of  ro ta t ion)  shou ld  
c o i n c i d e  wi th  a m a g n e t i c  l i ne  of  f o r c e .  In t h e s e  c a s e s  
t he  m a g n e t i c  f i e l d  c o m p o n e n t s  H z and H r  shou ld  s a t -  
i s f y  the  c o n d i t i o n  

H r (z, r) r=r,(z) dro (z) 
H z ( z ,  r) = dz (2.1) 

We s h a l l  c o n s i d e r  the  c a s e  when  the  l i n e  r = r0(z) 
i s  s t r a i g h t :  

r o = k z  -]- a ( k z  + a ~ 0),  (2.2) 

We s h a l l  r e p r e s e n t  c o n d i t i o n  (2.1) in the f o r m  

H z  (z ,  ro) r o' (z)  - -  H r  (z, ro) = 0 . (2.3) 

Se t t ing  Hz and H r f r o m  Eqs .  (1.1) and (1.2) into 
Eq.  (2.3), we ob ta in  an  e q u a t i o n  f o r  t he  func t i on  H(z):  

oo 

(-- t )"  
,~=o ~ r~ (~) x 

• [ r0' (~)w~-)(~)+o ;'(~)., H('~-+, (~)] = o. (2.4) 2 ( n + t )  L A 

We s h a l l  s e e k  a s o l u t i o n  of  Eq.  (2.4) in the  f o r m  

H (z) = C / r ,  m (z) (2.5) 

w h e r e  C is  an a r b i t r a r y  cons t an t ,  and the  index  m is  
a s  y e t  u n d e t e r m i n e d .  

It f o l l o w s  f r o m  E q s .  (2.2) and (2.5) tha t  

C (2n + m --  l)J k ~ 
H (2~> (z) -= (m --  l)! r~'~+ra(z) ' (2.6) 
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C (2n + m)l k ~+~ (2.6) 
H (~+~) (z) = - -  (m -- l)! r~o T M  (~) (eont '  d) 

Sett ing Eq. (2.6) into Eq. {2.4), we have 

co 
~, ( - - t )  n ( 2 n  + m ~ t ) t  k2n+l • 

n ~ 0  

x [ i  2n § m ~ C = 0. (2.7) 

Dividing both s ides of Eq. (2.7) by the fac tor  

c 
(,~ - -  1)! ~0~ (~) =~ 0 

we obtain the r e l a t ion  

( - t ) n ( 2 n ' - ~ m - l ) [  r.l 7 k  ~n+l 2~(n!) '~ L- ~ ' j2n+m = O. (2.8) 

The left s ide of Eq. (2.8) is a s e r i e s  in powers  of 
the p a r a m e t e r  k. This  s e r i e s  should sum to zero  for any 
value of k. This  is poss ib le  if and only if 

I 2 n " 4 - m  -~- O, 
2(~-b 1) 

It follows f rom this  that the index m = 2. 
Consequent ly  in the case  of the given l ine  of m a g -  

net ic  force  of Eq. (2.1), the magnet ic  f ield s t reng th  on 
the axis  of s y m m e t r y  is 

c 
H (z) : (kz + a)~ (2.9) 

Setting Eq. (2.9) for  H(z) in Eqs. (1.1) and (1.2) we 
obtain 

l a r g e r  region  than in  Eq. (2.13). We note that the 
magne t i c  f ield as found in Eqs. (2.10) and (2.11) is  not 
conical  s ince  

H r k r 
g-~ = ' k + a / z z  (a:~=O, r~>a) 

and tends to a conical  fo rm only for  z ~ ~.  
If the magne t ic  field (2.10), (2.11) is  produced 

by a coil  or  solenoid of rad ius  R(R > r 0 (z)) and ex-  
tent  0 ~ z - l, then the i n v e r s e  p r o b l e m  of d e t e r -  
min ing  the r equ i r ed  dens i ty  of a m p - t u r n s  D ( z ) r e d u c e s  
to the solut ion of the following in tegra l  equation, in 
acco rdance  with Eq. (1.3) 

I 

(kz~, afi " 2  Jo[(z__~)~+R2l/.. ( O - ~ z ~ l )  (2.14) 

which may be t r a n s f o r m e d  to the s i m p l e r  fo rm 

1 

z ~. a k~R ~ 
x =  T ,  co= , ~ =  ~ - ,  u (x )  = - 2 u - D ( l x ) . ( 2 . 1 5 )  

Equation (2.15) is an in tegra l  equation of the f i r s t  
kind with a ke rne l  which is a funct ion of the modulus  of 
the d i f fe rence  of the a rgumen t s ,  and the f in i te  in te rva l  
in the change of va r i ab l e s .  The theory developed by 
G. A. Gr inbe rg  [3] and the Wiener -Hopf  method may 
be used  to so lve  it. In tegra l  equat ions  of the type (2.15) 
have been t r ea ted  in paper  [4] for example.  Usua l ly  
the solut ion of such equat ions is in the fo rm of a com-  
p l ica ted  s e r i e s  of mu l t ip l e  def ini te  in t eg ra l s  and is 
genera l ly  found nf lmer iea l ly .  

. C r ( - - 1 )  ~ ( 2 n + i ) !  / k \ ~ ' ~ (  r ' ~ z'=~k=-~,)~ ~ (,m ~ iY; ~k-74T) r 

c ~ ( - iT(m~+m!  (kl~n+~[ ~ 9 ~+~ 
H~ = (~z -- ~)2 ~ n! (n § l)! ~- /  \%-~-~--~) �9 (2.11) 

The absolute  value of H0(z) the magne t i c  field s t reng th  
vec tor  on the l ine  r0 = kz + a is  

//o (z) = ~ / V ~  r0"-' (z) H~ (z, ~0) = 

"~ (__t)n(2n+l), [k~ 2n. _ Y i  + kc ~, (,,!)~ (2.12) (kz + a)~ kYJ 

The a r b i t r a r y  constant  C a p p e a r s  in f o r m u l a s  (2 .9 ) -  
(2.12). Any r equ i r ed  mean  value  of the magne t i c  f ield 
s t reng th  at any point,  and in p a r t i c u l a r  on the l ine  of 
force  r = kz + a may  be achieved by appropr ia te  choice 
of the constant  C. Using the c r i t e r i a  for  s e r i e s  con-  
ve rgence  it is not diff icul t  to e s t ab l i sh  that  the s e r i e s  

{2.10) and (2.11) converge  abso lu te ly  and un i fo r ml y  
with r e spec t  to r for  

r ~ r* = kz § a i k - - T  ' (2.13) 

It is to be  expected that the s e r i e s  (2.10) and (2.11) 
with a l t e rna t ing  s igns  converge  condi t ional ly  in a much 

w SOLUTION OF THE PROBLEM IN THE CASE 

WHEN THE GIVEN MAGNETIC LINE IS ARBITRARY 

Let it be required to create a magnetic field with 

rotational symmetry such that an arbitrary line (more 

precisely a surface or rotation) r = r0(z) is a mag- 

netic line of force. 

As regards the function r = r0(z) we shall assume 

that it is a single valued function and is positive and 

bounded in the interval [0, l]. 

We shall partition interval 0 - z -< I into N equal 

or unequal intervals zi-i -< z <- z i, where z0 = 0, z N = 

=l, i =i,2 ..... N. Let r i=r0(z i) be a straight seg- 

ment in each interval, joining the points (zi-1, ri-l) and 

(zi, ri). Consequently the curve r = r0(z) will be ap- 

proximated by a broken line of N sections. The results 

of the preceding paragraph may be used to calculate 

the magnet ic  f ield in each in te rva l .  Namely  we use the 
fo rmu la s  (2.10) and (2.11) for  H z and H r where  for 
zi-1 -< z <- zi we m u s t  se t  

r o ( z ) = k ~ z §  k - k ~ ,  C = C ~  (~=1.2 . . . .  N) 

% (z~) -- r• (zi_ l) 
z i - -  z~_ 1 

a~ = (z = t . . . . .  N). 
zi--z~_ 1 
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In the in te rva l  indicated the axial  magne t i c ' f i e ld ,  
in acco rdance  with Eq. (2.9), is 

c~ =. H~ (z) (~-1 ~< ~ < ~)" (3.1) 

The i nve r se  p rob l em of de t e rmin ing  the dens i ty  of 
a m p - t u r n s  D(z) may  be approached as follows. We take 
the dens i ty  D(z) to be approx imate ly  constant  and equal 
to Di in each in te rva l  zi-1 < z < z i. We then r e p r e s e n t  
the in tegra  ! in Eq. (2.14) in the fo rm of a sum of i n -  
t eg ra l s  over  the i n t e r v a l s  and c a r r y  out the in tegra t ion .  
As a r e s u l t  we have 

lV 

D : [ F i ( z ) - - F j - l ( z ) ] = H i ( z )  ( z ~ _ l < z < z ~ )  (3.2) 
j = l  

i z - - z  3 
Fr = - ~  V ( z - - z j p  § R~ (R>r0(z)). (3.3) 

We set  z = (zi-1 + zi) /2 = zi-1/2 in Eqs. (3.1)-(3.3),  
and so obtain a s y s t e m  of N l i n e a r  a lgebra ic  equations 
for DI, . . ., DN: 

N 

[F~ (Z~_,/,) - -  ~_~  (Zi_,/~)] D] = Hi (z~-~/,) 
j = l  

(i = t, 2 . . . . .  N). (3.4) 

If the sys t em of Eq. (3.4) is solved on a computer  we 
obtain the dens i ty  d i s t r ibu t ion  of a m p - t u r n s .  

The inves t iga t ion  of this p r ob l e m was proposed  by 
the recen t ly  deceased  Evgraf  Sergeevich Kuznetsov.  

The authors  would l ike to men t ion  that it was due to 
the constant  i n t e r e s t  of E. S. Kuznetsov and his va lu -  
able advice that the p re sen t  paper  was completed.  
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